Experience shows that under unidirectional wind or certain terrain, the surface of post insulators is non-uniformly polluted between windward and leeward sides, which affects the flashover characteristics. In this paper, a formulation of residual pollution layer resistance was proposed under this non-uniformity and a typical post insulator was taken as an example to analyze and calculate its residual resistance. The theoretical resistance was verified by numerical simulations using COMSOL Multiphysics. The proposed resistance formulation was then implemented in a DC flashover dynamic model to determine the flashover voltage (U cal ), which was validated by artificial flashover tests. Then the factors affecting DC flashover voltage were analyzed. Research results indicate that: the residual resistance formulation agrees well with simulation results, especially when the arc length exceeds 70% of the leakage distance. The good concordance between theoretical and experimental flashover voltages with most relative error within ±10%, validates the flashover model and its residual resistance formulation. U cal gets impaired under this non-uniformity. The degree of reduction is related to salt deposit density ratio (m) of windward to leeward side and leeward side area proportion (k). Keywords: post insulator; non-uniform pollution between windward and leeward sides; residual resistance formulation; flashover dynamic model; artificial flashover tests; flashover characteristics
Introduction
Post insulators, which are widely used in substations and converter stations, play an important role in electrical insulation and mechanical support in AC and DC transmission systems. Natural contamination characteristics indicate that there exists non-uniform pollution distribution on the insulator surface, which behaves in three types: non-uniformity between top and bottom surfaces, along the insulator length, and the transverse direction [1] . After long-term operation, the contamination on the leeward side of insulators is more serious than the windward side, due to wind direction and rainfall angle on the site, resulting in an easily-identified boundary between them [2] [3] [4] , as shown in Figure 1 . The contamination at the insulator surface is wetted partially or totally in the conditions of light rain, dew, or fog, which lowers the electrical characteristics of insulators [5, 6] . At present, the main research on contaminated insulators includes contamination characteristics and flashover model. Plenty of studies have been conducted through pollution tests, simulations and mathematical models. For example, literature [7, 8] present two different techniques, a multi model partitioning filter (MMPF) and an artificial neural network (ANN), and use the real contamination data for MMPF modeling and the ANN training. Research results indicate that both techniques can predict accurately the ESDD (equivalent salt deposit density) of suspension insulators in different conditions of wind velocity, ambient temperature, rainfall, and so on.
In the aspect of flashover model which this paper focuses on, much research has been conducted [9] [10] [11] [12] [13] . In literature [9] , the insulator was partitioned into triangular elements and the finite element method was adopted to determine potential distribution, pollution layer resistance, and flashover voltage. Literature [10] presented a refinement of residual resistance formulation applied to insulator open model taking into consideration the non-uniformity of current density, where the correction factor was determined by numerical simulations. The flashover dynamic model based on the corrected formulation shows good accuracy compared with experimental results. In literature [11] , a 2D model of the insulator surface was established and the residual resistance and the leakage current were obtained with the finite element software. Then the resistance and current were applied in a numerical model to predict flashover voltage. In literature [12] , The residual resistance was evaluated under different radii and positions of arc root by building 3D model in COMSOL Multiphysics. The simulation results demonstrate that the relationship between the residual resistance and arc length is nonlinear. Literature [13] proposed a flashover model where the pollution layer was equivalent to a rectangle. The arc was modeled by its root which was considered as an equipotential surface. However, the above research mainly focuses on the residual pollution layer resistance and flashover models under uniform contamination, and there are few studies on non-uniform pollution between windward and leeward sides.
The existing research on non-uniformity between windward and leeward sides is principally aimed to study the flashover characteristics by artificial flashover tests and test samples are mostly line suspension insulators. The related research results [14] [15] [16] [17] reveal that, under this non-uniformity, the flashover voltage of suspension insulators decreases compared with uniform pollution. In literature [14] , DC flashover tests using 7-unit suspension insulator string were carried out under this non-uniformity. Research results indicate that a reduction in the ratio W/L from 1/1 to 1/15 gave a median 35% ± 4% decrease in flashover strength, where W/L is ratio of the salt deposit density (SDD) on the windward side to that on the leeward side. Similar conclusions can be found in reference [15] . AC flashover tests were presented in literature [1, 16] under this non-uniformity and what makes a difference is that there is a slighter decrease of flashover voltage than DC. Literature [17] studied flashover characteristics when insulators were polluted non-uniformly along circumference (similar to non-uniform pollution between windward and leeward sides), and preliminarily analyzed the relationship between flashover voltage and area of heavy contaminated area. However, post insulator is distinguished from suspension insulator by its geometrical structure. At present, few studies on flashover model of post insulator under non-uniform pollution between windward and leeward sides have been carried out and its flashover characteristics are still unclear in this case.
In this paper, taking a typical post insulator as the sample, the influence of this non-uniformity on DC pollution flashover characteristics was presented systematically through calculating the residual pollution layer resistance, resistance simulation validation, calculating flashover voltage by the DC flashover dynamic model and carrying out artificial flashover validation tests. Based on previous work [10, 12, 14, 15] , the contribution of this paper is to propose a non-uniform residual At present, the main research on contaminated insulators includes contamination characteristics and flashover model. Plenty of studies have been conducted through pollution tests, simulations and mathematical models. For example, literature [7, 8] present two different techniques, a multi model partitioning filter (MMPF) and an artificial neural network (ANN), and use the real contamination data for MMPF modeling and the ANN training. Research results indicate that both techniques can predict accurately the ESDD (equivalent salt deposit density) of suspension insulators in different conditions of wind velocity, ambient temperature, rainfall, and so on.
The existing research on non-uniformity between windward and leeward sides is principally aimed to study the flashover characteristics by artificial flashover tests and test samples are mostly line suspension insulators. The related research results [14] [15] [16] [17] reveal that, under this non-uniformity, the flashover voltage of suspension insulators decreases compared with uniform pollution. In literature [14] , DC flashover tests using 7-unit suspension insulator string were carried out under this non-uniformity.
Research results indicate that a reduction in the ratio W/L from 1/1 to 1/15 gave a median 35% ± 4% decrease in flashover strength, where W/L is ratio of the salt deposit density (SDD) on the windward side to that on the leeward side. Similar conclusions can be found in reference [15] . AC flashover tests were presented in literature [1, 16] under this non-uniformity and what makes a difference is that there is a slighter decrease of flashover voltage than DC. Literature [17] studied flashover characteristics when insulators were polluted non-uniformly along circumference (similar to non-uniform pollution between windward and leeward sides), and preliminarily analyzed the relationship between flashover voltage and area of heavy contaminated area. However, post insulator is distinguished from suspension insulator by its geometrical structure. At present, few studies on flashover model of post insulator under non-uniform pollution between windward and leeward sides have been carried out and its flashover characteristics are still unclear in this case.
In this paper, taking a typical post insulator as the sample, the influence of this non-uniformity on DC pollution flashover characteristics was presented systematically through calculating the residual pollution layer resistance, resistance simulation validation, calculating flashover voltage by the DC Energies 2019, 12, 2345 3 of 17 flashover dynamic model and carrying out artificial flashover validation tests. Based on previous work [10, 12, 14, 15] , the contribution of this paper is to propose a non-uniform residual resistance formulation by calculating in different regions, which takes into account the arc root radius, salt deposit density ratio (m) of windward to leeward side and leeward side area proportion (k). The DC flashover dynamic model, which considers time-varying arc root radius and leakage current, is validated by experimental results under different m and k. Finally, the DC flashover characteristics of post insulator are analyzed. The research results provide experimental data and theoretical support for further revealing the electrical characteristics of post insulator and improving the external insulation selection.
Analysis of Residual Pollution Layer Resistance for Pollution Flashover Dynamic Model
For insulators of any shape, the discharge process under uniform pollution can be analyzed using a series model of partial arc and residual pollution layer according to the Obenaus circuit model [12, 18] , as shown in Figure 2 .
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where U is the applied voltage (V); I is the leakage current (A); x is the arc length (cm); R(x) is the residual pollution layer resistance ( Ω ); A and n are arc constant.
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The geometry of post insulator is complex, which cannot be simply expanded into a rectangle or equivalent to a cylinder to calculate its resistance. Considering current density distribution at surface is not uniform due to current lines constriction at the arc root, when partial arc is established, rectangular resistance model cannot reflect the non-uniformity. Therefore, it is assumed that a single dominant arc contacts in series with a residual pollution layer through the circular arc root. With thermal effects of partial arc and pollution layer ignored, the residual pollution layer resistance can be expressed as the resistance between two circular electrodes with different radii at the insulator surface, as shown in Figure 3 . The two circular electrodes represent the arc root and the middle rod When the partial arc is generated, with the electrode voltage drop ignored, the circuit model of Figure 2 is described in DC by the following equation:
where U is the applied voltage (V); I is the leakage current (A); x is the arc length (cm); R(x) is the residual pollution layer resistance (Ω); A and n are arc constant. As R(x) is related to the arc root radius which is determined by the leakage current I, besides, x and I influence each other at any time, therefore, the discharge process is dynamic. Based on Obenaus circuit model, flashover dynamic model can be established to obtain flashover voltage and the key of dynamic model is to find analytic expression of the R(x). So, the formulation of residual pollution layer resistance will be discussed first before establishing the model in the following.
The geometry of post insulator is complex, which cannot be simply expanded into a rectangle or equivalent to a cylinder to calculate its resistance. Considering current density distribution at surface is not uniform due to current lines constriction at the arc root, when partial arc is established, rectangular resistance model cannot reflect the non-uniformity. Therefore, it is assumed that a single dominant arc contacts in series with a residual pollution layer through the circular arc root. With thermal effects of partial arc and pollution layer ignored, the residual pollution layer resistance can be expressed as the resistance between two circular electrodes with different radii at the insulator surface, as shown Figure 3 . The two circular electrodes represent the arc root and the middle rod of post insulator, where r 0 is the arc root radius; r 1 is the rod radius, and the conductivity of the medium between two electrodes is pollution layer conductivity. of post insulator, where r0 is the arc root radius; r1 is the rod radius, and the conductivity of the medium between two electrodes is pollution layer conductivity. The resistance between two circular electrodes on an infinite conductive plane can be expressed as follow [21, 22] :
where e σ is the surface pollution layer conductivity at the critical flashover moment, called effective surface conductivity, S;
s σ is the surface pollution layer conductivity before a partial arc is generated. In previous studies, the relationship between e σ and s σ can be expressed as [22] 1.25
The arc root radius is established to be [19] :
where I is leakage current, A.
Meanwhile, the actual arc root radius is much smaller than that of post insulator rod, i.e., 0 1 r r  , therefore, 2
Basing on Equations (3) and (4), Equation (2) can be simplified to:
Then the identical transformation of ( )
is applied to Equation (5) and the residual pollution layer resistance can be expressed as follow:
where surface conductivity of pollution layer s σ is given in literature [23] by following relation: The resistance between two circular electrodes on an infinite conductive plane can be expressed as follow [21, 22] :
where σ e is the surface pollution layer conductivity at the critical flashover moment, called effective surface conductivity, S; D = L − x + r 1 , L is insulator leakage distance, cm. σ s is the surface pollution layer conductivity before a partial arc is generated. In previous studies, the relationship between σ e and σ s can be expressed as [22] σ e ≈ 1.25σ s
where I is leakage current, A. Meanwhile, the actual arc root radius is much smaller than that of post insulator rod, i.e., r 0 r 1 , therefore,
Then the identical transformation of cosh −1 θ = ln θ + √ θ 2 − 1 is applied to Equation (5) and the residual pollution layer resistance can be expressed as follow:
where surface conductivity of pollution layer σ s is given in literature [23] by following relation:
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Residual Pollution Layer Resistance under Non-Uniform Pollution between Windward and Leeward Sides
In the case of non-uniform pollution between windward and leeward sides, the actual contamination at insulator surface can be approximated to two fan-shaped areas with different pollution degree, as shown in Figure 4 . Assuming that the salt deposit densities of the windward and leeward sides are SDD W and SDD L respectively and the average salt deposit density is SDD, the relation is as follows
where S W and S L are the surface area of windward and leeward sides, respectively, m is salt deposit density ratio of windward to leeward side which is less than 1 and k is the ratio of leeward side area to the whole area.
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where σ s is the surface pollution layer conductivity under uniform pollution; the relationship between σ W and σ L can be established from Equation (9):
Under non-uniform pollution between windward and leeward sides, partial arc is always first generated at the leeward side, where the pollution degree is heavier, and propagates along its leakage distance. The surface conductivity is proportional to the thickness of pollution layer [24] , therefore, the pollution layer resistance can be regarded as an overlap below and above of two conductive pollution Under non-uniform pollution between windward and leeward sides, partial arc is always first generated at the leeward side, where the pollution degree is heavier, and propagates along its leakage distance. The surface conductivity is proportional to the thickness of pollution layer [24] , therefore, the pollution layer resistance can be regarded as an overlap below and above of two conductive pollution layers with unequal areas, as shown in Figure 5 . The surface conductivity should be R1 and R2 are defined as the resistances of lower and upper conductive layer respectively, then the total residual pollution layer resistance Rnon can be obtained by parallel calculation of R1 and R2:
where R1 can be calculated by Equation (6):
The area of upper pollution layer, where the current line density is relatively uniform compared with the lower one, generally accounts for only 20% to 50% of the total area. Therefore, it is approximated as a rectangular conductive thin layer, as shown in Figure 6 . R 1 and R 2 are defined as the resistances of lower and upper conductive layer respectively, then the total residual pollution layer resistance R non can be obtained by parallel calculation of R 1 and R 2 :
where R 1 can be calculated by Equation (6):
The area of upper pollution layer, where the current line density is relatively uniform compared with the lower one, generally accounts for only 20% to 50% of the total area. Therefore, it is approximated as a rectangular conductive thin layer, as shown in Figure 6 . Under non-uniform pollution between windward and leeward sides, partial arc is always first generated at the leeward side, where the pollution degree is heavier, and propagates along its leakage distance. The surface conductivity is proportional to the thickness of pollution layer [24] , therefore, the pollution layer resistance can be regarded as an overlap below and above of two conductive pollution layers with unequal areas, as shown in Figure 5 . The surface conductivity should be R1 and R2 are defined as the resistances of lower and upper conductive layer respectively, then the total residual pollution layer resistance Rnon can be obtained by parallel calculation of R1 and R2:
The area of upper pollution layer, where the current line density is relatively uniform compared with the lower one, generally accounts for only 20% to 50% of the total area. Therefore, it is approximated as a rectangular conductive thin layer, as shown in Figure 6 . The length of the rectangle is L − x, the width is a = k·2πr 1 , and the residual resistance of a narrow rectangular pollution layer can be calculated using the Wilkins formula [19] :
Substituting Equations (12) and (13) into Equation (11), the analytic expression of R non (x, I) can be obtained:
Energies 2019, 12, 2345 7 of 17 where,
Since the geometrical structure of each shed group is the same, one shed group with leakage distance L = 30.69 cm and rod radius r 1 = 6 cm, is taken as an example. When SDD is 0.15 mg/cm 2 , R(x, I) is calculated respectively under two conditions of uniform pollution (m = 1:1) and non-uniform pollution (m = 1:3, k = 25%). Residual resistance is a function not only of x but also of I. Based on previous studies [15, 25] on DC leakage current under uniform pollution, we can estimate approximatively the leakage current under non-uniform pollution. In literature [25] , the value of I is between 0 and 0.44 A when SDD is between 0.06 and 0.25 mg/cm 2 ; according to our previous flashover tests on uniform pollution of this type of post insulator, when SDD ranges from 0.05 to 0.15 mg/sm 2 , I is between 0 and 0.86 A. By substituting above current range into Equation (4), r 0 is between 0 and 0.43 cm corresponding to SDD = 0.15 mg/cm 2 . In order to study the influence of arc root radius on R(x, I), two typical arc root radii, r 0 = 0.1 and 0.3 cm, are taken. Substituting m, k, L, r 1 , and r 0 into Equations (6) and (14), the relationship between R(x, I) and x is shown in Figure 7 .
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Since the geometrical structure of each shed group is the same, one shed group with leakage distance L = 30.69 cm and rod radius r1 = 6 cm, is taken as an example. When SDD is 0.15 mg/cm 2 , R(x, I) is calculated respectively under two conditions of uniform pollution (m = 1:1) and non-uniform pollution (m = 1:3, k = 25%). Residual resistance is a function not only of x but also of I. Based on previous studies [15, 25] on DC leakage current under uniform pollution, we can estimate approximatively the leakage current under non-uniform pollution. In literature [25] , the value of I is between 0 and 0.44 A when SDD is between 0.06 and 0.25 mg/cm 2 ; according to our previous flashover tests on uniform pollution of this type of post insulator, when SDD ranges from 0.05 to 0.15 mg/sm 2 , I is between 0 and 0.86 A. By substituting above current range into Equation (4), r0 is between 0 and 0.43 cm corresponding to SDD = 0.15 mg/cm 2 . In order to study the influence of arc root radius on R(x, I), two typical arc root radii, r0 = 0.1 and 0.3 cm, are taken. Substituting m, k, L, r1, and r0 into Equations (6) and (14), the relationship between R(x, I) and x is shown in Figure 7 . It can be obtained from Figure 7 that: (1) R(x, I) decreases nonlinearly with the increase of x under both uniform and non-uniform pollution. The nonlinearity under uniform pollution is heavier than non-uniform pollution between windward and leeward sides. When x reaches the leakage distance, R(x, I) drops close to zero.
(2) With the increase of x, the decreasing trend of R(x, I) tends to be sharper. For example, for uniform pollution with r 0 = 0.3 cm, when x exceeds about 70% of the leakage distance (about 22 cm), R(x, I) significantly decreases, which is consistent with the phenomenon that critical flashover generally occurs when arc length reaches 60%-80% of the leakage distance [15] .
(3) Under certain x and r 0 , R(x, I) of uniformly polluted surface is larger than that of non-uniform pollution. The decrease of residual pollution layer resistance may result in the difference of flashover voltage when windward and leeward surfaces are non-uniformly polluted.
(4) Under certain pollution condition and x, when r 0 is lower, R(x, I) becomes larger. The increasing amplitude of R(x, I) decreases with the increase of x.
Comparative Results of Residual Pollution Layer Resistance
In order to verify the resistance formulation (14) , the finite element model (FEM) is adopted for numerical simulation, considering that it is difficult to measure residual pollution layer resistance at the insulator surface during the development of arc on existing technical conditions. FEM techniques are widely applied to the modeling insulator to analyze surface potential distribution and pollution layer resistance [9] [10] [11] [12] [13] . In literature [10] [11] [12] , 2D or 3D FEM models are established using COMSOL Multiphysics, a commercial finite element software, to simulate and calculate the residual pollution layer resistance. The results are in good agreement with the theoretical values.
Based on the actual geometry size of the post insulator, this paper applies COMSOL Multiphysics, taking a group of large and small sheds as an example, to establish 3D model of surface pollution layer. Assuming that the shape of arc root is circular [10, 13] , two typical arc root radii are adopted to simulate and calculate the residual resistance for different arc root positions along the leakage distance. Then the numerical values are compared with the theoretical values.
The parameters and structural diagram of the sample are shown in Table 1 , where L 1 is the extended length of the large shed; L 2 is the extended length of the small shed; H 1 is the vertical distance between two large sheds; H 2 is the vertical distance between the large shed and small shed; D is the diameter of the insulator; H is the insulation height. Table 1 . Parameters of post insulator.
Shed Parameters (mm) Leakage Distance (mm) Structure Diagram
(4) Under certain pollution condition and x, when r0 is lower, R(x, I) becomes larger. The increasing amplitude of R(x, I) decreases with the increase of x.
Comparative Results of Residual Pollution Layer Resistance
The parameters and structural diagram of the sample are shown in Table 1 , where L1 is the extended length of the large shed; L2 is the extended length of the small shed; H1 is the vertical distance between two large sheds; H2 is the vertical distance between the large shed and small shed; D is the diameter of the insulator; H is the insulation height. [26] . By gathering the wetted enough pollution layer and measuring its weight, the thickness d of the pollution layer can be obtained approximately. Our experimental results show d has an approximate relationship with SDD and NSDD in the following form: In the 3D pollution layer model with thickness d, the volume conductivity V σ can be expressed as follow [10] :
For example, when insulator surface is uniformly polluted, SDD = 0.15 mg/cm 2 and NSDD = 0.9 mg/cm 2 , d = 5.6 × 10 −2 mm. (7) and (18) . Similarly, basing on Equations (7), (8) In the 3D pollution layer model with thickness d, the volume conductivity σ V can be expressed as follow [10] :
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For example, when insulator surface is uniformly polluted, SDD = 0.15 mg/cm 2 and NSDD = 0.9 mg/cm 2 , d = 5.6 × 10 −2 mm. σ S = 55.78 × 10 −6 S and σ V = 0.996 S/m, which can be calculated by Equations (7) and (18) . Similarly, basing on Equations (7), (8) , (17) and (18) , σ V of windward and leeward surfaces can be calculated under different non-uniform pollution distributions.
The increase of arc length is achieved by changing the position of the arc root along the leakage distance, so as to obtain the residual pollution layer resistance of different arc lengths. Using the current physical field of COMSOL Multiphysics, the potential boundary condition is adopted by setting arc root as an equipotential surface, applying a certain DC voltage (the value of the applied voltage has no effect on the resistance calculation) at the arc root, and grounding the upper end of pollution layer at the rod. The governing equations of the constant electric field are as follows:
where J is volume current density, A/m 2 ; E is electric field intensity, V/m; V is potential, V. The conductive layers are discretized in finite elements. According to the simulation results with different mesh sizes, the influence of FEM mesh size is not significant when the mesh quality is good because the numerical results become stable gradually. Figure 9 shows an example of the numerical results of current density and potential distribution when SDD = 0.15 mg/cm 2 , NSDD = 0.9 mg/cm 2 , m = 1:3, k = 25%, and r 0 = 0.3 cm. The color difference in the figure indicates the voltage drop, and the red arrow indicates the current density. It can be obtained from Figure 9 that after arc is generated at insulator surface, the current density distribution is quite non-uniform due to the constriction of the current lines around the arc root. The current density decreases rapidly in the diffusion process to the windward surface. Similarly, the potential distribution is also uneven, and the voltage drop mainly occurs at the leeward side. Then the leakage current I is calculated by integrating the current density at the grounding electrode. The applied DC voltage is known, therefore, the resistance between the arc root and the grounding electrode, that is, the residual pollution layer resistance, can be obtained. Figure 10 shows the comparison between the numerical resistance values and analytical calculation by Equation (14) under the above condition. As can be obtained from Figure 10: (1) When the arc length is between 21 cm and 30 cm, that is, the arc root is located on the upper surface of the large shed, the analytical calculation of R(x) gives results in very good agreement with numerical values by COMSOL with a discrepancy lower than 6%.
(2) The discrepancy increases when the arc length ranges from 13 cm to 16 cm, that is, the arc root is located near the rod, which may be caused by the complex geometric shape near the rod of the post insulator.
(3) The analytical results obtained by the resistance formulation (14) are very close to the numerical values when the arc length exceeds about 70% of the leakage distance, where the critical flashover generally occurs [15] . The good accordance of this distance indicates that the proposed resistance formulation works well and ensures the accurate calculation of flashover voltage.
Therefore, adopting the proposed residual resistance formulation is reliable. Based on these, the pollution flashover voltage of the post insulator can be derived.
DC Flashover Dynamic Model and Experimental Validation

DC Pollution Flashover Dynamic Model
The flashover dynamic model of the insulator can reflect the flashover phenomenon more exactly than the static model due to taking into account instantaneous variation of the discharge parameters. Based on Obenaus model, a DC flashover dynamic mathematical model is developed in As can be obtained from Figure 10 :
(1) When the arc length is between 21 cm and 30 cm, that is, the arc root is located on the upper surface of the large shed, the analytical calculation of R(x) gives results in very good agreement with numerical values by COMSOL with a discrepancy lower than 6%.
DC Flashover Dynamic Model and Experimental Validation
DC Pollution Flashover Dynamic Model
The flashover dynamic model of the insulator can reflect the flashover phenomenon more exactly than the static model due to taking into account instantaneous variation of the discharge parameters. Based on Obenaus model, a DC flashover dynamic mathematical model is developed in this paper. Since it is very complicated to include all these discharge parameters in this model, several simplifying assumptions are made: a single dominant arc is propagated along the leakage distance of leeward side and the temperature and humidity effects on pollution layer and arc are ignored.
The flashover model is established based on Figure 2 , and its circuit equation can be expressed as (1) . As x and I are time-varying and influence each other at any time, to accurately calculate flashover voltage (U cal ), it is necessary to recalculate I by Equation (1) at each new position of arc root [10, 12, 13] .
The circuit Equation (1) can be rewritten as:
Since (20) is a non-linear equation about current I, it is difficult to obtain its analytical solution. So it can be solved numerically by the secant method [10] , and Equation (20) can be rewritten to be a function of I:
Its iteration format can be expressed as:
By setting two initial values I 0 and I 1 , which are close to the guessed analytical solution, as well as the error limit, the iteration can be started to obtain the numerical solution of I meeting the given error limit.
Hampton criterion [27] points out that the propagation of the arc should require:
where E p is the voltage gradient of the residual pollution layer; E arc is the arc voltage gradient. At each iteration step, E p and E arc can be calculated as follows:
Under a certain applied voltage, if the criterion (23) is met, the arc is propagated along insulator leakage distance, otherwise, the arc extinguishes, or the applied voltage needs to be increased In the literature [18] , the arc propagation velocity is defined as:
where the mobility µ = 25 cm 2 /(V·s) [10] . At the place of pollution flashover tests, n value is 0.52 and A is 129 for a negative DC arc [28] . The flow chart of the DC pollution flashover dynamic model is illustrated in Figure 11 . Firstly, the insulator geometrical parameters (L, r 1 ), arc constants (n, A), non-uniform pollution degree (m, k) and values for iteration are input. At time t = 0, the initial applied voltage U min is set to 2 kV and the initial arc length x min is set to 1% of the total leakage distance L [10, 18] . Two approximate values which start the iterative calculation of I, are I i=0 = 0.03 A, I i=1 = 0.05 A. The voltage increment dU = 50 V and time increment dt = 0.1 us at each step. Secondly, the arc root radius r 0 and residual pollution layer resistance R non (x, I) at this time can be calculated using above initial values. Then the leakage current I is obtained by substituting r 0 and R non (x, I) into Equations (21) and (22) . Thirdly, E p and E arc are calculated respectively using Equation (24) . On the premise that the x is less than the total leakage distance L, Hampton criterion is verified by judging whether E p >E arc . If the propagation criterion is not satisfied, the applied voltage increases by dU. If the propagation criterion is satisfied, the arc propagates with an increased length. Finally, for the new arc length or new applied voltage, r 0 , R non (x, I), I, E p and E arc are recalculated and the above judging steps are repeated until x = L. The critical flashover voltage U cal is obtained at this non-uniform pollution degree. calculated respectively using Equation (24) . On the premise that the x is less than the total leakage distance L, Hampton criterion is verified by judging whether Ep >Earc. If the propagation criterion is not satisfied, the applied voltage increases by dU. If the propagation criterion is satisfied, the arc propagates with an increased length. Finally, for the new arc length or new applied voltage, r0, Rnon(x,I), I, Ep and Earc are recalculated and the above judging steps are repeated until x = L. The critical flashover voltage Ucal is obtained at this non-uniform pollution degree. 
Experimental Validation
The flashover tests were carried out in a multifunction artificial climate chamber, with the height of 11.6 m and the diameter of 7.8 m. The power system can provide 600 kV/0.5 A DC voltage during tests, which ensures that the voltage ripple factor is less than 3.0% when the load current is 0.5 A. The Schematic diagram of the test circuit has been shown in literature [14, 15] . The test power supply satisfies the requirements recommended by [29] .
The samples were polluted by solid layer method according to IEC standard [29] referring to Figure 12 . Sodium chloride and kaoline were used to simulate the conductive and inert materials on the polluted insulator, respectively. In order to study the non-uniformity between the windward and leeward sides and the non-uniformity between top and bottom surfaces was not the aim of this paper, therefore, the pollution degree of the top and bottom surfaces was simplified to be the same. The ratio of SDD to NSDD is fixed at one-sixth in all the tests. 
The samples were polluted by solid layer method according to IEC standard [29] referring to Figure 12 . Sodium chloride and kaoline were used to simulate the conductive and inert materials on the polluted insulator, respectively. In order to study the non-uniformity between the windward and leeward sides and the non-uniformity between top and bottom surfaces was not the aim of this paper, therefore, the pollution degree of the top and bottom surfaces was simplified to be the same. The ratio of SDD to NSDD is fixed at one-sixth in all the tests. After applying pollution, the insulators were placed in the shade and dried naturally for 24 h. Before DC voltage was applied, the insulator surface pollution layer was wetted with steam fog. During the tests, the average voltage method [30] was adopted to obtain the average flashover voltage (Uave). Uave and its relative standard deviation error are established by following equation: After applying pollution, the insulators were placed in the shade and dried naturally for 24 h. Before DC voltage was applied, the insulator surface pollution layer was wetted with steam fog. During the tests, the average voltage method [30] was adopted to obtain the average flashover voltage (U ave ). U ave and its relative standard deviation error are established by following equation: (26) where U f (i) is a flashover voltage, kV; i represents the sequence number of each test; N is the number of all valid tests.
The pollution flashover tests under different non-uniformity were carried out according to above test procedure. Figure 13 shows the discharge process when SDD = 0.05 mg/cm 2 , m = 1:8, and k = 45%. (Figure 13a -d represent the discharge conditions as time increases, respectively.) The area in the red box of Figure 13a is the leeside side of the insulator. It can be obtained from Figure 13 that, under non-uniform pollution between windward and leeward sides, most of the partial discharges first occur at the leeward side, and the main arc, which develops into the flashover, is also generated at the leeward side. Therefore, the assumption that the dominant arc is at the leeward side is consistent with the arc development path. After applying pollution, the insulators were placed in the shade and dried naturally for 24 h. Before DC voltage was applied, the insulator surface pollution layer was wetted with steam fog. During the tests, the average voltage method [30] was adopted to obtain the average flashover voltage (Uave). Uave and its relative standard deviation error are established by following equation: (26) where Uf(i) is a flashover voltage, kV; i represents the sequence number of each test; N is the number of all valid tests.
The pollution flashover tests under different non-uniformity were carried out according to above test procedure. Figure 13 shows the discharge process when SDD = 0.05 mg/cm 2 , m = 1:8, and k = 45%. (Figure 13a ,b,c,d represent the discharge conditions as time increases, respectively.) The area in the red box of Figure 13a is the leeside side of the insulator. It can be obtained from Figure 13 that, under non-uniform pollution between windward and leeward sides, most of the partial discharges first occur at the leeward side, and the main arc, which develops into the flashover, is also generated at the leeward side. Therefore, the assumption that the dominant arc is at the leeward side is consistent with the arc development path. In order to verify whether the assumption about the arc root radius in Section 2.2 is reasonable, the flashover test under the condition of SDD = 0.15 mg/cm 2 , m = 1:3 and k = 25% was carried out and the arc root radius was measured. The arc propagation process is shown in Figure 14 where the width In order to verify whether the assumption about the arc root radius in Section 2.2 is reasonable, the flashover test under the condition of SDD = 0.15 mg/cm 2 , m = 1:3 and k = 25% was carried out and the arc root radius was measured. The arc propagation process is shown in Figure 14 where the width of the arc gradually increases. By using Image J, which is an image processing software, and taking the diameter of the post insulator (D = 270 mm) as the measuring ruler, the arc root radius of each stage was measured and the results are shown in Figure 14 . The results indicate that the arc root radius is between 0 and 0.54 cm in the development process, which ensures it is reasonable to take the two arc root radii in Section 2.2, i.e., r 0 = 0.1 and 0.3 cm, to analyze its effect on the residual pollution layer resistance.
of the arc gradually increases. By using Image J, which is an image processing software, and taking the diameter of the post insulator (D = 270 mm) as the measuring ruler, the arc root radius of each stage was measured and the results are shown in Figure 14 . The results indicate that the arc root radius is between 0 and 0.54 cm in the development process, which ensures it is reasonable to take the two arc root radii in Section 2.2, i.e., r0 = 0.1 and 0.3 cm, to analyze its effect on the residual pollution layer resistance. The comparison of theoretical and experimental results is shown in Table 2 . It can be obtained from the table:
(1) The standard deviation of all test results is less than 7%, indicating that the dispersion of the test results is small.
(2) The calculated results with flashover dynamic model are in good agreement with the experimental results, most relative error within ±10%, which verifies the proposed residual resistance formulation and the DC flashover model under non-uniform pollution between windward and leeward sides in this paper. Some relative errors are higher, reaching 13.6%, possibly due to ignoring the effect of temperature changes on the residual resistance and the presence of multi-arc randomness and air-gap arc. 
Results and Discussion
According to the flashover model above, the flashover characteristics of post insulator and the factors affecting insulator flashover voltage are analyzed. The effects of m and k on Ucal under different SDD are shown in the following three-dimensional diagram, Figure 15 The comparison of theoretical and experimental results is shown in Table 2 . It can be obtained from the table: (1) The standard deviation of all test results is less than 7%, indicating that the dispersion of the test results is small.
(2) The calculated results with flashover dynamic model are in good agreement with the experimental results, most relative error within ±10%, which verifies the proposed residual resistance formulation and the DC flashover model under non-uniform pollution between windward and leeward sides in this paper. Some relative errors are higher, reaching 13.6%, possibly due to ignoring the effect of temperature changes on the residual resistance and the presence of multi-arc randomness and air-gap arc.
According to the flashover model above, the flashover characteristics of post insulator and the factors affecting insulator flashover voltage are analyzed. The effects of m and k on U cal under different SDD are shown in the following three-dimensional diagram, Figure 15 , where the three surfaces from top to bottom represent the flashover voltage distribution under SDD = 0.05, 0.10, and 0.15 mg/cm 2 respectively.
Taking the flashover voltages when SDD = 0.05 mg/cm 2 in Figure 15 as an example, the influence rule of m is illustrated as follows:
(1) The pollution flashover voltage of post insulator is related to salt deposit density ratio m. Specifically, under certain SDD and k, the more serious non-uniform pollution is (or the smaller m is), the lower the U cal is. For example, the U cal is 90.6, 82.6, 74.8, and 65.1 kV respectively when k = 35% and m is 1/1, 1/3, 1/5, and 1/8. Compared with the uniform pollution, the flashover voltage of m = 1/3, 1/5 and 1/8 decreases by 8.8%, 17.4%, and 28.1%, respectively.
(2) Under different k values, the downtrend of U cal makes difference. The smaller k is, the sharper the trend of decrease. When k = 35% or 45%, the flashover voltages corresponding to adjacent m values only decrease by 5.7-9.7 kV, while the voltage drop of k = 25% is between 8.6 and 10.8 kV.
The decrease of U cal is also related to k, and the variation trend of U cal is exampled as follows when SDD = 0.10 mg/cm 2 .
(3) Under certain SDD and m, U cal increases slightly with the increase of k. For example, when m = 1/3 and k = 25%, 35% and 45%, U cal is 60.0, 63.3 and 64.7 kV respectively, which indicates that there is an increase of 5.5% and 7.8% when k increases from 25% to 45%.
(4) The rising trend of U cal is relatively milder under a higher k, resulting in relatively little effect on U cal .
Based on the equation (U = a·SDD −b ), the values of U cal and SDD were fitted, and its results are presented in Table 3 . Taking the flashover voltages when SDD = 0.05 mg/cm 2 in Figure 15 as an example, the influence rule of m is illustrated as follows:
(1) The pollution flashover voltage of post insulator is related to salt deposit density ratio m. Specifically, under certain SDD and k, the more serious non-uniform pollution is (or the smaller m is), the lower the Ucal is. For example, the Ucal is 90.6, 82.6, 74.8, and 65.1 kV respectively when k = 35% and m is 1/1, 1/3, 1/5, and 1/8. Compared with the uniform pollution, the flashover voltage of m = 1/3, 1/5 and 1/8 decreases by 8.8%, 17.4%, and 28.1%, respectively.
(2) Under different k values, the downtrend of Ucal makes difference. The smaller k is, the sharper the trend of decrease. When k = 35% or 45%, the flashover voltages corresponding to adjacent m values only decrease by 5.7-9.7 kV, while the voltage drop of k = 25% is between 8.6 and 10.8 kV.
The decrease of Ucal is also related to k, and the variation trend of Ucal is exampled as follows when SDD = 0.10 mg/cm 2 .
(3) Under certain SDD and m, Ucal increases slightly with the increase of k. For example, when m = 1/3 and k = 25%, 35% and 45%, Ucal is 60.0, 63.3 and 64.7 kV respectively, which indicates that there is an increase of 5.5% and 7.8% when k increases from 25% to 45%. , the values of Ucal and SDD were fitted, and its results are presented in Table 3 . (5) All the fitting degrees are satisfied, therefore, under non-uniform pollution between windward and leeward sides, U cal and SDD still satisfy the relationship of negative power function.
(6) The non-uniform pollution (m and k) has little effect on the pollution characteristic index b. b ranges from 0.36 to 0.39 and varies slightly around 0.36 (the characteristic index under uniform pollution). The effect of m and k on b is slight enough to be ignored. That is to say, the influence of SDD and the non-uniform pollution between windward and leeward sides on DC flashover voltage is independent from each other, which agrees with the experimental results in the literature [3, 14, 15 ]. (7) The coefficient a increases with the increase of m and k. For example, when k = 25%, compared with the uniform pollution, the coefficient a of m = 1/3, 1/5, and 1/8 decreases by 15.5%, 29.1%, and 39.5%, respectively. k has a slighter influence on a than m, to be specific, when m = 1/5 and k increases from 25% to 45%, and a merely increases by 12.8%.
Conclusions
This paper presents a residual resistance formulation under non-uniform pollution between windward and leeward sides, which is based on two circular electrodes model on a conductive plane and the narrow rectangular formula of Wilkins. The main advantage of the proposed formulation is that salt deposit density ratio, leeward side area proportion and the change of arc root radius with the leakage current can be taken into account. The analytical values of this formulation are in good agreement with the numerical results using COMSOL Multiphysics.
The proposed resistance formulation is then applied in a flashover dynamic model, which considers time-varying arc root radius and leakage current. Its results are compared with experimental results conducted in the artificial climate chamber. The good concordance validates the proposed resistance formulation and the flashover dynamic model.
The flashover characteristics of post insulator under non-uniform pollution between windward and leeward sides are analyzed using the dynamic model. The affecting factors are presented as follows:
(1) This non-uniformity lowers the DC flashover voltage U cal . U cal decreases markedly with the decrease of m and increases slightly with the increase of k. And the influence of m on U cal is greater than that of k.
(2) Non-uniform pollution between windward and leeward sides has independent influence on U cal of post insulator from SDD. The relationship between U cal and SDD still fits power function.
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